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Abstract. A section of a Riemannian G-manifold M is a closed submanifold S 
which meets each orbit orthogonally. It is shown that the algebra of G-invariant 
differential forms on M which are horizontal in the sense that they kill every vector 
which is tangent to some orbit, is isomorphic to the algebra of those differential forms 
on S which are invariant with respect to the generalized Weyl group of this orbit, 
under some condition. 
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1. Introduction 

A section of a Riemannian G-manifold M is a closed submanifold E which meets 
each orbit orthogonally. This notion was introduced by Szenthe [22], [23], in slightly 
different form by Palais and Terng in [17], [18]. The case of linear representations 
was considered by Bott and Samelson [4], Conlon [9], and then by Dadok [10] 
who called representations admitting sections polar representations and completely 
classified all polar representations of connected Lie groups. Conlon [8] considered 
Riemannian manifolds admitting flat sections. We follow here the notion of Palais 
and Terng. 

If M is a Riemannian G-manifold which admits a section E then the trace on E 
of the G-action is a discrete group action by the generaHzed Weyl group iy(E) = 
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NciJ^)/Zc{'S,). Palais and Terng [17] showed that then the algebras of invariant 
smooth functions coincide C~(M,IR)<=^ ^ C~(5], IR)'^(^). 

In this paper we will extend this result to the algebras of differential forms. Our 
aim is to show that pullback along the embedding S ^ M induces an isomorphism 
^hor(^)'^ - ^^^(S)'^^^^ for each p, where a differential form w on M is called 
horizontal if it kills each vector tangent to some orbit. For each point x in M, the 
slice representation of the isotropy group Gx on the normal space Tx{G.x)-^ to the 
tangent space to the orbit through x is a polar representation. The first step is to 
show that the result holds for polar representations. This is done in theorem 3.6 
for polar representations whose generalized Weyl group is really a Coxeter group, 
is generated by reflections. Every polar representation of a connected Lie group 
has this property. The method used there is inspired by Solomon [21]. Then the 
general result is proved under the assumption that each slice representation has a 
Coxeter group as a generalized Weyl group. 

I want to thank D. Alekseevsky for introducing me to the beautiful results of 
Palais and Terng, and him and A. Onishchik for many discussions about this and 
related topics. 

2. Basic differential forms 

2.1. Basic differential forms. Let G be a Lie group with Lie algebra g, multi- 
plication ^ : G X G ^ G, and foTc g £ G let fig, fj,^ : G ^ G denote the left and 
right translation. 

Let £ : G X M M he a left action of the Lie group G on a smooth manifold M. 
We consider the partial mappings ig : M ^ M ior g G G and l'^ : G ^ M ior x £ M 
and the fundamental vector field mapping C ^ fl ~* 3i{M) given by Cx{x) = Te{i^)X. 
Since ^ is a left action, the negative — C is a Lie algebra homomorphism. 

A differential form (p € is called G-invariant if (£g)*(p ~ (fi for all g E G 

and horizontal if (p kills each vector tangent to a G-orbit: iQ-x(fi = for all X £ q. 
We denote by Q^^^{M)'-^ the space of all horizontal G-invariant forms on M. They 
are also called basic forms. 

2.2. Lemma. Under the exterior differential f2hor(Af)^ is a subcomplex ofCl{M). 

Proof, li (fi & flhoiiM)^ then the exterior derivative dip is clearly G-invariant. For 
X £ Qwe have 

dtp = i(x 'if + di^x ip = = 0) 

so dip is also horizontal. □ 

2.3. Sections. Let M be a connected complete Ricmannian manifold and let G 
be a Lie group which acts isometrically on M from the left. A connected closed 
smooth submanifold S of M is called a section for the G-action, if it meets all 
G-orbits orthogonally. 

Equivalently we require that G.S = M and that for each a; € E and X € the 
fundamental vector field C;^(-i) if^ orthogonal to T^S. 

We only remark here that each section is a totally geodesic submanifold and is 
given by exp(Ta:(a;.G)-'-) if x lies in a principal orbit. 
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If wc put 7Vg(S) := {g G G : g.E = E} and Zg{E) := {g e G : g.s = s fo all s e 
S}, then the quotient W(S) := Ng{'S)/Zg{'S,) turns out to be a discrete group 
acting properly on S. It is called the generalized Weyl group of the section S. 

See [17] or [18] for more information on sections and their generalized Weyl 
groups. 

2.4. Main Theorem. Let M x G ^ M be a proper isometric right action of a 
Lie group G on a a smooth Riemannian manifold M, which admits a section S. 
Let us assume that 

(1) For each a; G S the slice representation Gx — > 0{Tx{G.x)-^) has a general- 
ized Weyl group which is a reflection group (see section 3). 

Then the restriction of differential forms induces an isomorphism 

between the space of horizontal G-invariant differential forms on M and the space 
of all differential forms on S which are invariant under the action of the generalized 
Weyl group of the section S. 

The proof of this theorem will take up the rest of this paper. According to 
Dadok [10], remark after Proposition 6, for any polar representation of a connected 
Lie group the generalized Weyl group is a reflection group, so condition (1) 

holds if we assume that: 

(2) Each isotropy group Gx is connected. 

3. Representations 

3.1. Invariant functions. Let G be a reductive Lie group and let p : G ^ GL{V) 
be a representation in a finite dimensional real vector space V. 

According to a classical theorem of Hilbcrt (as extended by Nagata [13], [14]), the 
algebra of G-invariant polynomials ]R[y]'^ on V is finitely generated (in fact finitely 
presented) , so there are G-invariant homogeneous polynomials /i , . . . , fm on V such 
that each invariant polynomial h G R[V^]'^ is of the form h = q{fi. . . . , fm) for a 
polynomial q G R[M™]. Let / = (/i, ...,/„): F ^ R"*, then this means that the 
puUback homomorphism /* : M[R'"] R[F]*^ is surjective. 

D. Luna proved in [12], that the puUback homomorphism /* : G°°(R'",R) — > 
G°°(y,M)'^ is also surjective onto the space of all smooth functions on V which are 
constant on the fibers of /. Note that the polynomial mapping / in this case may 
not separate the G-orbits. 

G. Schwarz proved already in [20], that if G is a compact Lie group then the 
puUback homomorphism /* : G°°(IR'",IR) G°°(y,M)<^ is actually surjective onto 
the space of G-invariant smooth functions. This result implies in particular that / 
separates the G-orbits. 

3.2. Lemma. Let £ € V* be a linear functional on a finite dimensional vector 
space V, and let f G C°° {V, M) be a smooth function which vanishes on the kernel 
of £, so that /|^~^(0) = 0. Then there is a unique smooth function g such that 
f = i-9 
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Proof. Choose coordinates x^, . . . , on with £ = x^. Then /(O, x^, . . . , x") = 
and we have f{x^, ■ ■ ■ ,a;") = dif{tx^,x'^, . . . ,x"')dt.x^ = g{x^, ■ ■ ■ ,x"').x^. □ 

3.3. Question. Let p : G ^ GL{V) be a representation of a compact Lie group in 
a finite dimensional vector space V. Let f = {fi, . . . , fm) ■ V ^ R"* be the polyno- 
mial mapping whose components ft are a minimal set of homogeneous generators 
for the algebra M[l/]*^ of invariant polynomials. 

We consider the pullback homomorphism f* : 0?'(M'") Qp{V). Is it surjective 
onto the space fihor(^)*^ of G -invariant horizontal smooth p-forms onV? 

Sec remark 3.7 for a class of representations where the answer is yes. 

In general the answer is no. A counterexample is the following: Let the cyclic 
group Z„ = Z/nZ of order n, viewed as the group of n-th roots of unity, act on 
C = by complex multiplication. A generating system of polynomials consists of 
/i = \z\'^, f2 = Re(z"), /s = lm{z"). But then each dfi vanishes at and there is 
no chance to have the horizontal invariant volume form dx A dy in /*0(M^). 

3.4. Polar representations. Let G be a compact Lie group and let p : G — > 

GL(V) be an orthogonal representation in a finite dimensional real vector space V 
which admits a section S. Then the section turns out to be a linear subspace and 
the representation is called a polar representation, following Dadok [10], who gave 

a complete classification of all polar representations of connected Lie groups. They 
were called variationally complete representations by Conlon [9] before. 

3.5. Theorem. [17], 4.12, or [24], theorem T). Let p : G ^ GL{V) be a polar 
representation of a compact Lie group G, with section S and generalized Weyl 
group W = W(S). 

Then the algebra M.[V]'-^ of G -invariant polynomials on V is isomorphic to the 
algebra M[E]^ of W -invariant polynomials on the section S, via the restriction 

mapping f 

3.6. Theorem. Let p : G ^ GL{V) be a polar representation of a compact Lie 
group G, with section S and generalized Weyl group W = Let us suppose 
that W = W{Yi) is generated by reflections (a reflection group or Coxeter group). 

Then the pullback to S of differential forms induces an isomorphism 

According to Dadok [10], remark after proposition 6, for any polar representa- 
tion the generalized Weyl group W{T,) is a reflection group. This theorem is true 
for polynomial differential forms, and also for real analytic differential forms, by 
essentially the same proof. 

Proof. Let /i , . . . , /„ be a minimal set of homogeneous generators of the algebra 
M[E]^ of M^-invariant polynomials on S. Then this is a set of algebraically indepen- 
dent polynomials, n = dimS, and their degrees di, . . . , rf„ are uniquely determined 
up to order. We even have (see [11]) 

(1) di...dn = \W\, the order of W, 

(2) di -\ \- dn = n-\- N, where N is the number of reflections in W, 

(3) nr=i(-'- + (^i ~ 1)^) = "0 + "1^ + ■••-!- a„t", where ai is the number of 
elements in W whose fixed point set has dimension n — i. 
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Let us consider the mapping / = (/i, . . . , /„) : E M" and its Jacobian J{x) = 
det{df{x)). Let x^, . . . be coordinate functions in E. Then for each a G W we 
have 

J.dx^ A • • • A dx" = dfi A- ■■ Adfn = (T*{dfi A--- A dfn) 

= (J o a)a*{dx^ A • • • A da;") = {J o a) det{a){dx^ A • • • A dx"), 

(4) J oa = det{a-^)J. 

If J{x) 7^ 0, then in a neighborhood of x the mapping / is a diffeomorphism by 
the inverse function theorem, so that the 1-forms dfi,. . . , dfn are a local coframe 
there. Since the generators /i, . . . , /„ are algebraically independent over R, J 7^ 0. 
Since J is a polynomial of degree {di — 1) + ■ ■ ■ + (d„ — I) = N (see (2)), the set 
[/ = S \ J~^(0) is open and dense in S, and rf/i, . . . , dfn form a coframe on U. 

Now let {<7a)a=i....,N be the set of reflections in W, with reflection hypcrplanes 
Ha- Let £a G S* be a linear functional with Ha — ^^^(0). If a; G Ha we have 
J{x) = det{aa)J{(Ta-x) = —J{x), so that J\Ha = for each a, and by lemma 3.2 
we have 

(5) J = cA..An- 

Since J is a polynomial of degree A'', c must be a constant. Repeating the last 
argument for an arbitrary function g and using (5), we get: 

(6) If 5 G C°°(S,R) satisfies goa = det{a~^)g for each a G W, we have g = J.h 
for /ieC°°(S,M)^. 

(7) Claim. Let to G Qp(E)^. Then we have 

ji<---<jp 

where tOj,...j^ G C°°(E,R)^. 

Since dfi, . . . , dfn form a coframe on the W-invariant dense open set U = {x : 

J{x) 7^ 0}, we have 

^\U= E 9n...jpdfjAUA---AdfjJU 
ji<--<jp 

for gj^ G C°°{U,R). Since to and all rf/j are W-invariant we may replace gj^ 

by 

W\129h...jpOaeC°^{U,Rr, 

or assume without loss that gji...jj, G C°°([/, M)^. 

Let us choose now a form index ii < • • • < ip with {ip+i < • • • < i„} = 
{1, . . . , n} \ {ii < • • • < ip}. Then for some sign e = ±1 we have 

i^\U A dfi^^^ A • • • A = s.gi^...ip.dfi A • • • A df „ 

= £-9ii...ip-J-dx^ A ■ ■ ■ A dx", and 
(8) w A d/ip+i f\dfi^ = s.ki^...i^dx^ A • • • A dx" 
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for a function ki,...i^ e C°°(S,M). Thus 

(9) ki,...iJU = gi,...,^.J\U. 

Since u) and each dfi is M^-invariant, from (8) we get ki^...i^ o a = As,\,{(j~^^ki^...i^ 
for each a G W. But then by (6) we have ki^,,,i^ = iOi^,,,i^.J for unique u}i^,,,i^ G 
C°°{Y.,M.)^\ and (9) then implies cOii...ip\U = Qi^..^^, so that the claim (7) follows 
since U is dense. 

Now we may finish the proof of the theorem. Let i : E — > y be the embedding. 
By theorem 3.5 the algebra R[y]'^ of G-invariant polynomials on V is isomorphic to 
the algebra M[I]]^ of ly-invariant polynomials on the section S, via the restriction 
mapping i* . Choose polynomials /i, . . . /„ e with Jioi ~ fi for all i. Put 

/ = (/i, . . . ,/„) : V R". In the setting of claim (7), use the theorem of G. 
Schwarz (see 3.1) to find e C~(M",M) with ftii,...,,^ o / = Wii,...,^^ and 

consider 

Yl {hh...3,°f)dfj,A---Adfj^, 

]!<■■■< jp 

which is in f^hor(^)'^ ^^'^ satifies i*u} = oj. 

Thus the mapping i* : f^hor(^)'^ ~* ^hor(^)^ surjective. It is also injective: 
Let LJ e f^horC^)*^ with i*LU = 0. Then for a regular point a; e S we have = 
since it vanishes on vectors orthogonal to the orbit G.x by {i*uj)x = 0, and on vectors 
tangential to the orbit G.x by horizontality. By G-invariance then uj vanishes along 
the whole orbit G.x. Since regular orbits are dense in y, w = 0. □ 

3.7. Remark. The proof of theorem 3.6 shows that the answer to question 3.3 is 

yes for the representations treated in 3.6. 

3.8. Corollary. Let p : G —>^ 0(V, ( , )) be an orthogonal polar representation 
of a compact Lie group G, with section S and generalized Weyl group W = W{T,). 
Let us suppose that W = VK(S) is generated by reflections (a reflection group or 
Coxeter group). Let B C V be an open ball centered at 0. 

Then the restriction of differential forms induces an isomorphism 

0^^,(5)^ ^ Of (En B)^(^). 

Proof. Check the proof of 3.6 or use the following argument. Suppose that B = 
{v G V : \v\ < 1} and consider a smooth diffeomorphism / : [0,1) — > [0,oo) with 
f{t) = t near 0. Then g{v) := -^jj^^l^ ^; is a G-equivariant diffeomorphism B ^ V 
and by 3.6 we get: 

KoABf Korivf ^ Of (s)^(^) Of (s n B)^(^). □ 

4. Proof of the main theorem 

Let us assume that we are in the situation of the main theorem 2.4, for the rest 
of this section. 
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4.1. Let i : T, ^ M he the embedding of the section. It clearly induces a linear 
mapping i* : fl^^^^{M)'^ flP(T,)^^^^ which is injective by the following argument: 
Let CO € fll^^iM)'^ with i*uj = 0. For a; G S we have ix^x = for X e T^E since 
i*u) = 0, and also for X G Tx{G.x) since uj is horizontal. Let x G E n M^og be a 
regular point, then T^T, = {Tx{G.x))-^ and so lOx = 0. This holds along the whole 
orbit through x since u) is G-invariant. Thus Lo\Mreg = 0, and since M^eg is dense 
in Af, Lo = 0. 

So it remains to show that i* is surjective. 

4.2. For a; G M let be a (normal) slice and Gx the isotropy group, which acts 
on the slice. Then G.Sx is open in M and G-equivariantly diffeomorphic to the 
associated bundle G ^ G/G^ via 

G X Sx — - — > G xg^ Sx > G.Sx 



G/Gx G.x, 

where r is the projection of a tubular neighborhood. Since q : G x Sx ^ G Xq^ Sx is 
a principal Ga;-bundle with principal right action [g, s).h = {gh, h~^.s), we have an 
isomorphism q* : Cl{G Xq^ Sx) flG^-hoi{G x Sx)''''' ■ Since q is also G-equivariant 
for the left G-actions, the isomorphism q* maps the subalgebra ^^^^.{G.Sx)'^ = 

KoriGXG^ Sx)^ of 0(G Xg^ Sx) tO the subalgebra n^^_hor('5..)^- of l^G.-hor(G X 

Sx)'^'- So we have proved: 

Lemma. In this situation there is a canonical isomorphism 
which is given by pullback along the embedding Sx — > G.Sx- 

4.3. Rest of the proof of theorem 3.6. Now let us consider w G r2^'(S)^'^^\ 
We want to construct a form w G ^^hor(-^)'^ with i*u) = u). This will finish the 
proof of theorem 3.6. 

Choose X G S and an open ball Bx with center in TxM such that the Riemann- 
ian exponential mapping exp^ : T^^M ^ M is a diffeomorphism on Bx. We consid- 
ernowthe compact isotropy group Gx and the slice representation px : Gx 0{Vx), 
where Vx = NoixiG.x) = {Tx{G.x))^ C TxM is the normal space to the orbit. This 
is a polar representation with sextion Tj^S, and its generalized Weyl group is given 
by W{Tx^) ^ NG{^)nGx/ZG{^) = W{^)x (see [17]) and it is a Coxeter group by 
assumption (1) in 3.6. Then exp^. : Bx CiVx ^ Sx is a diffeomorphism onto a slice 
and exp^ : Bx r\ TxT, T,x C S is a diffeomorphism onto an open neighborhood 
'Sx of X in the section S. 

Let us now consider the pullback (exp|S^ n T^E)*a; G nP{Bx Ci r^S)^(^-^). 
By corollary 3.8 there exists a unique form (p^ G fig _hor(-^a: ^x)'^" such that 
= (exp \Bx n TxT,)*ui, where ix is the embedding. Then we have 



((exp \Bx n Vx)-') * G ^^^,_hor(^c.)^- 
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and by lemma 4.2 this form corresponds uniquely to a differential form e 
^hor('^-'^a:)*^ which Satisfies (i|Ea;)*a»^ = a;|Sx, since the exponential mapping com- 
mutes with the respective restriction mappings. Now the intersection G.Sx fl S is 
the disjoint union of all the open sets 'Wj{Y,x) where we pick one Wj in each left 
coset of the subgroup W{Y?)x in Will). If we choose Qj e NciJ^) projecting on Wj 
for all j, then 

= («;-i)*(i|I],)*£;^a;- 

= («;7^)*(i|S,)*a;- = (w7i)*(w|S,) = a;|u;,(S,), 

so that {i\G.Sx n S)*w^ = uj\G.Sx fl E. We can do this for each point x e E. 

Using the method of Palais ([16], proof of 4.3.1) wc may find a sequence of 
points {xn)n&i in E such that the 7r(Ea;^) form a locally finite open cover of the 
orbit space M/G = E/VF(E), and a smooth partition of unity /„ consisting of 
G-invariant functions with supp(/„) C G.Sx^- Then Co := /nW^" G ^horC-^)*^ 
has the required property = w. □ 

5. Basic versus equivariant cohomology 

5.1. Basic cohomology. For a Lie group G and a smooth G-manifold M , by 2.2 
we may consider the basic cohomology Hq_^,^^^^{M) = H'p {Vl'^^^{M)'~^ ^ d) . 

5.2. Equivariant cohomology, Borel model. For a topological group and 
a topological G-space the equivariant cohomology was defined as follows, see [3]: 
Let EG — * BG be the classifying G-bundle, and consider the associated bundle 
EG xq M with standard fiber the G-space M. Then the equivariant cohomology 
is given by HP {EG Xg M;R). 

5.3. Equivariant cohomology, Cartan model. For a Lie group G and a smooth 
G-manifold M we consider the space 

of all homogeneous polynomial mappings a : g — > Qp{M) of degree k from the Lie 
algebra g of G to the space of fc-forms, which are G-equivariant: a{Ad{g~^)X) = 
i*ga{X) for all g G G. The mapping 

d,:A%iM)^A%+\M) 

2k+p=q 

{d,a){X) := d{a{X)) - icM^) 
satisfies dgO d^ = and the following result holds. 

Theorem. Let G be a compact connected Lie group and let M be a smooth G- 

manifold. Then 

HP{EG Xg M;R) = HP{A*Q{M),dg). 

This result is stated in [1] together with some arguments, and it is attributed to 
[5], [6] in chapter 7 of [2]. I was unable to find a satisfactory published proof. 
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5.4.. Let M be a smooth G-manifold. Then the obvious embedding j{u}) = 1 18) a; 
gives a mapping of graded differential algebras 

k 

On the other hand evaluation at £ g defines a homomorphism of graded differen- 
tial algebras evo : A*q{M) -» fi*(M)'^, and evooj is the embedding ni^^{M)^ -» 
f2*(M)'^. Thus we get canonical homomorphisms in cohomology 

H^KoriMf) HP{A*^{M),ds) > HP{n*{Mf,d) 

^fS-basic(^) > HUM) > HPiMf. 

If G is compact and connected we have HP[M)^ = HP{M), by integration and 
homotopy invar iance. 
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